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Abstract
We study the case of UTl presenting the exact bi-maximal mixing form with Uν inducing the
deviation from the bi-maximal mixing in the final form of the Pontecorvo-Maki-Nakagawa-Sakata
neutrino mixing, UPMNS = U
T
l Uν . We will show that such possibility will lead to a democratic
texture for the charged lepton mass matrix and to a neutrino mass matrix with four null entries.
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I. INTRODUCTION
As a direct consequence of the experimental observation of neutrino oscillation[1], neu-
trinos are massive and the leptonic weak charged current presents a mixing matrix[2],
LCC = g√
2
l¯LUPMNSγ
µνLW
−
µ +H.c., (1)
where,
UPMNS = U
T
l Uν . (2)
The matrices that compose UPMNS connect leptons in the flavor basis to leptons in the mass
basis
l′L = UllL ν
′
L = UννL. (3)
In the case of CP-invariance, UPMNS can be parametrized by three angles in the standard
way
UPMNS =


c13c12 s12c13 s13
−s12c23 − s23s13c12 c23c12 − s23s13s12 s23c13
s23s12 − s13c23c12 −s23c12 − s13s12c23 c23c13


, (4)
where we have used the short form cij ≡ cos θij and sij ≡ sin θij .
Phenomenologically speaking, what matter is UPMNS. However the patterns of Ul and
Uν are theoretically important because with them we can infer the pattern of the lepton
mass matrices and then understand the leptonic sector. This is possible because Ul and Uν
connect the lepton mass matrices in the mass basis with the flavor basis1
Ml = UlM
D
l U
T
l , Mν = UνM
D
ν U
T
ν , (5)
where MDl = diag (me , mµ , mτ ) and M
D
ν = diag (m1 , m2 , m3) are the mass matrices in
the mass basis, while Ml and Mν are the mass matrices in the flavor basis.
Despite of the advance in the experimental neutrino physics, we still do not dispose of
definitive data, which leaves room for much speculation in neutrino physics. It seems that
the most definitive result in neutrino physics is that atmospherics neutrino mixing angle is
1 In this work we restrict our discussions to the case of hermitian mass matrices.
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maximal[3]. Regarding solar mixing angle, we are far from a definitive value, however recent
results indicate that, although it is relatively large, it is not maximal[3],
0.35 ≤ tan2(θsol) ≤ 0.52, (6)
while there is only an upper bound on the third angle in (4)[3, 4].
On the other hand, the experiments say nothing about Ul and Uν , unless we consider
neutrinos or charged leptons in a diagonal basis. In this case UPMNS is identified with the
lepton in a non-diagonal basis. On the contrary, if we want to know Ul and Uν we have
to guess their forms. This artifice has been recently employed to understand the deviation
from bi-maximal mixing as required by the recent results in neutrino physics[5]. The idea is
to assume neutrino mixing with the bi-maximal form, Uν = Ubimax, and let U
T
l in charge
of the deviation from bi-maximal mixing through the product UTl Uν .
In this work we follow this idea in a different sense. Since what matter is in fact the
product UTl Uν , we assume U
T
l = Ubimax and let Uν in charge of the deviation from bi-
maximal mixing. We also follow a different approach to obtain UTl and Uν . Instead of
starting parametrizing Uν , we start parametrizing UPMNS. We parametrize UPMNS in a
rather synthetic way. With UPMNS at hand we then obtain U
T
l and Uν by spliting UPMNS
in a product of two matrices. Following this scheme, when we demand UTl = Ubimax, we
automatically obtain the form of Uν . The advantage of such procedure is that it leads to a
specific pattern of lepton mass matrices.
Our departing point is the parametrization of UPMNS. When atmospheric mixing angle
is taken to be maximal, the deviation from bi-maximal mixing means the deviation of the
solar mixing angle from maximal by an amount δ. In the case of CP-invariance and θ13 = 0,
this can be described through the following synthetic parametrization of UPMNS
UPMNS =


1√
2
+ δ√
2
1√
2
− δ√
2
0
−1
2
+ δ
2
1
2
+ δ
2
1/
√
2
1
2
− δ
2
−1
2
− δ
2
1/
√
2


. (7)
In the case of maximal atmospheric mixing angle and θ13 = 0, the constraint in (6) implies
the following range of values to the elements of UPMNS
UPMNS =


0.81− 0.86 0.51− 0.58 0
(−0.36)− (−0.41) 0.57− 0.61 0.71
0.36− 0.41 (−0.57)− (−0.61) 0.71


. (8)
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Confronting (8) with (7), we obtain
0.14 < δ < 0.21. (9)
In summary, the experimental deviation from bi-maximal mixing is compatible with a
parametrization by only one parameter.
II. THE CASE OF Uν = Ubimax
Let us start reviewing the case Uν = Ubimax. First thing to do is to dismember (7) in the
product, UTl Uν , such that Uν presents the bi-maximal mixing form. Such dismemberment
is possible and unique and leads to
UPMNS =


1− δ −√2δ √2δ
δ√
2
1 0
− δ√
2
0 1




1√
2
1√
2
0
−1
2
1
2
1√
2
1
2
−1
2
1√
2


. (10)
By comparing (2) and (10) we recognize
UTl =


1− δ −√2δ √2δ
δ√
2
1 0
− δ√
2
0 1


, and Uν =


1√
2
1√
2
0
−1
2
1
2
1√
2
1
2
−1
2
1√
2


. (11)
As we discussed above, this possibility is interesting because Uν = Ubimax implies in a
very well known texture of the neutrino mass matrix
Mν =


1
2
(m1 +m2)
1
2
√
2
(m2 −m1) 1
2
√
2
(m1 −m2)
1
2
√
2
(m2 −m1) 14(m1 +m2) + m32 −14(m1 +m2) + m32
1
2
√
2
(m1 −m2) −14(m1 +m2) + m32 14(m1 +m2) + m32


. (12)
The interesting point behind such texture is that in the case of inverted hierarchy it manifests
the non-standard Le − Lµ − Lτ symmetry[6].
On the charged lepton sector, the splitting above leads to the following texture for the
charged lepton mass matrix
Ml ≈


−mτ
2
δ2 mµ√
2
δ mτ√
2
δ
mµ√
2
δ mµ 0
mτ√
2
δ 0 mτ


. (13)
With the range of values for δ given above, we see that this matrix presents a mild hierarchical
structure.
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III. THE CASE OF UTl = Ubimax
Another interesting possibility arises when we attribute the bi-maximal mixing form to
UTl and let Uν in charge of generating the deviation from bi-maximal mixing. In this case
the unique way of dismembering (7) is this
UPMNS =


1√
2
1√
2
0
−1
2
1
2
1√
2
1
2
−1
2
1√
2




1 −δ 0
δ 1 0
0 0 1


. (14)
Confronting this product with (2), we recognize
UTl =


1√
2
1√
2
0
−1
2
1
2
1√
2
1
2
−1
2
1√
2


, and Uν =


1 −δ 0
δ 1 0
0 0 1


. (15)
The interesting point behind such splitting of UPMNS is the textures for the lepton mass
matrices that UTl and Uν imply. Considering first charged leptons
Ml =


me
2
+ mµ
4
+ mτ
4
me
2
− mµ
4
− mτ
4
− mµ
2
√
2
+ mτ
2
√
2
me
2
− mµ
4
− mτ
4
me
2
+ mµ
4
+ mτ
4
mµ
2
√
2
− mτ
2
√
2
− mµ
2
√
2
+ mτ
2
√
2
mµ
2
√
2
− mτ
2
√
2
mµ
2
+ mτ
2


. (16)
Perceive that Ml presents a democratic texture where all the entries have the same order
of magnitude dictated by the presence of mτ in every matrix element. To see this better
let us substitute the charged lepton masses that appear there by their respective values(
me = 0.51 MeV , mµ = 107 MeV and mτ = 1.77 GeV). With this we obtain
Ml =


0.47 −0.47 0.59
−0.47 0.47 −0.59
0.59 −0.59 0.94


GeV. (17)
The interesting point behind such democratic texture is that it implies uniform Yukawa
couplings regarding their order of magnitude. For example, for a VEV of order of 102 GeV,
we have Yukawa couplings of order of 10−3. This makes such scenario phenomenologically
appealing since there is no significant hierarchy between the Yukawa couplings.
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Considering neutrinos, the form of Uν in (15) leads to a very simple texture for the
neutrino mass matrix[7]
Mν =


m1 (m1 −m2)δ 0
(m1 −m2)δ m2 0
0 0 m3


. (18)
Note that its 11-entry is not zero, which support neutrinoless 2β decay, and that it allows
normal hierarchy as well as inverted hierarchy.
Let us discuss a little how to originate the textures in (16) and (18). The central point is
to generate the four texture zeros in the neutrino mass matrix. Perhaps the faster, but not
the most economic, manner of generating texture zeros is through the method developded
in Ref. [8]. According to that method the zero entries are enforced by means of Abelian
symmetries. It is assumed that each of lepton multiplets f transforms under a separate
Abelian group G(f) with f = laR, LaL (a = 1, 2, 3). Then for each non-zero entry in Ml
and Mν we need to introduce a Higgs multiplets with appropriate transformation properties
under G = ×fG(f). The texture zeros is obtained simply by not introducing into the theory
the corresponding scalar multiplet. We follow such method in conjunction with the type
II see-saw mechanism in order to get the textures in (16) and (18). For this we have to
introduce six Higgs doublets, φab, transforming as φab : G∗(laR) ⊗ G(LbL) , and four Higgs
triplets, ∆ij, transforming as ∆ij : G∗(LiL) ⊗ G∗(LjL). The dangerous Goldstones of such
symmetries are avoided by allowing terms in the scalar potential that break them softly.
The invariant Yukawa interactions that we can form with such set of particle content is
L =
∑
a,b
habL¯aLlaRφab +
∑
i
giiL¯
c
iL∆iiLiL + g12L¯
c
1L∆12L2L +H.c. (19)
When the Higgs multiplets φab and ∆ij develop their respective VEVs vφab and v∆ij , the
Lagrangean above leads to the required textures in (16) and (18).
The values of the entries for Ml in (17) is obtained by a fair manipulation of the Yukawa
couplings hab and the VEVs vφab. This method allows the interesting possibility of having
hab = 1 with vφab being responsible by the respective entries in (17).
In regard to neutrino masses, their smallness requires tiny value for each v∆ij . This is
obtained through the type II see-saw mechanism. This is a generic mechanism, which can
be illustrated by the following simple model that has only one φ and one ∆. Consider the
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following Higgs potential for this system [9]:
V (φ,∆) = M2∆†∆− µ2φ†φ+ λφ(φ†φ)2 + λ∆∆†∆
+λφ∆∆
†∆φ†φ+M∆φφ∆
†φφ + H.c. (20)
Let us choose µ ∼ 102 GeV and M ∼ M∆φφ ≫ µ; in this case, the VEV of vφ ≈ µ whereas
the VEV of v∆ ∼ µ2M ≪ µ. This mechanism has been labeled type II see-saw and we see
that if M ≃ 1014 GeV, then we get v∆ ≃ 0.1 eV. In the presence of more ∆ fields and extra
symmetries that our model has this mechanism still operates[10].
In summary, in this short note we parametrized the deviation from bi-maximal mixing
form of UPMNS with only one parameter. Next we dismembered such matrix in the product
of other two, UTl and Uν . We then reviewed the case when Uν presents the exact bi-maximal
form with UTl being responsible by the deviation from the exact bi-maximal mixing. Next
we inverted the role played by UTl and Uν where now U
T
l has the exact bi-maximal mixing
form, while Uν is now responsible by the deviation from bi-maximal mixing. This leads
to a democratic texture for the charged leptons and to a simple texture for the neutrino
mass matrix with four null entries. We finish by stating that taking charged leptons in a
non-diagonal basis is not only a plausible possibility but may reveal itself as a clean and
interesting option in what concern neutrino physics.
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